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Model prediction for temperature dependence of meson pole masses
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We propose a practical effective model by introducing temperature (T ) dependence to the coupling strengths
of four-quark and six-quark Kobayashi-Maskawa-’t Hooft interactions in the 2+1 flavor Polyakov-loop extended
Nambu–Jona-Lasinio model. The T dependence is determined from LQCD data on the renormalized chiral
condensate around the pseudocritical temperature Tχc of chiral crossover and the screening-mass difference
between pi and a0 mesons in T > 1.1Tχc where only the U(1)A-symmetry breaking survives. The model well
reproduces LQCD data on screening masses M scrξ (T ) for both scalar and pseudoscalar mesons, particularly in
T >
∼
Tχc . Using this effective model, we predict meson pole masses Mpoleξ (T ) for scalar and pseudoscalar
mesons. For η′ meson, the prediction is consistent with the experimental value at finite T measured in heavy-
ion collisions. We point out that the relation M scrξ (T ) − Mpoleξ (T ) ≈ M
scr
ξ′ (T ) −M
pole
ξ′
(T ) is pretty good
when ξ and ξ′ are scalar mesons, and show that the relationM scrξ (T )/M scrξ′ (T ) ≈ M
pole
ξ (T )/M
pole
ξ′
(T ) is well
satisfied within 20% error when ξ and ξ′ are pseudoscalar mesons and also when ξ and ξ′ are scalar mesons.
PACS numbers: 11.30.Rd, 12.40.-y, 21.65.Qr, 25.75.Nq
I. INTRODUCTION
Meson masses are fundamental quantities characterizing
hadron properties. Temperature (T ) dependence of meson
masses plays an important role in understanding properties of
hot-QCD matter, for example, in determining reaction rates of
hadron-hadron collisions and dilepton production. In fact, T
dependence of η′ and vector mesons was recently measured in
heavy-ion collisions [1, 2].
For later convenience, we call the meson mass “meson pole
mass” in order to distinguish it from “meson screening mass”.
Meson pole and screening masses, Mpoleξ and M scrξ , of ξ me-
son are defined by the inverse of the exponential decay of the
mesonic correlation function ζξξ(τ,x) in its temporal τ - and
spatial x-directions, respectively. As seen from the definition,
Mpoleξ is experimentally measurable, but M scrξ is not. In first-
principle lattice QCD (LQCD) simulations at finite T , mean-
while,M scrξ (T ) is often calculated instead ofM
pole
ξ (T ), since
the spatial lattice size is larger than the temporal one for finite
T . The relation between Mpoleξ (T ) and M scrξ (T ) is not un-
derstood for finite T , althoughMpoleξ (0) =M scrξ (0) from the
definition.
As already mentioned above, meson screening masses are
relatively easier to calculate than meson pole masses in LQCD
simulations at finite T , since the spatial lattice size is larger
than the temporal one; see Appendix A for further discus-
sion on the difficulty of meson pole-mass calculations. In
fact, T dependence of light-meson screening masses was re-
cently determined in a wide range 140 <∼ T <∼ 800 MeV
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by 2+1 flavor LQCD simulations with improved (p4) stag-
gered fermions [3]. Meson screening masses are thus avail-
able with LQCD simulations, although they are not experi-
mentally measurable.
Meson screening masses are useful in investigating sym-
metric properties of hot-QCD matter. In principle, one can
understand the chiral-symmetry restoration through T de-
pendence of the mass difference ∆M scrσ,pi(T ) = M scrσ (T ) −
M scrpi (T ) between chiral-partner mesons, say pi and σ mesons,
and can analyze “the effective U(1)A-symmetry restoration”
throughT dependence of∆M scra0,pi(T ) =M
scr
a0 (T )−M scrpi (T )
between U(1)A-partner mesons, say pi and a0 mesons. In
the operator level, U(1)A symmetry is explicitly broken by
U(1)A anomaly for any T , but in the expectation-value level
the symmetry is restored at high T by the suppression of
topologically-nontrivial gauge configurations responsible for
U(1)A anomaly. The restoration is called “effective U(1)A-
symmetry restoration”. For the effective U(1)A-symmetry
restoration, we cannot define the order parameter clearly, but
we may consider the difference∆M scra0,pi(T ) as an indicator of
the restoration. At the present stage, however, ∆M scra0,pi(T )
is available but ∆M scrσ,pi(T ) is not in LQCD simulations of
Ref. [3], because difficult LQCD calculations with the quark-
line disconnected diagrams are necessary forM scrσ (T ). Paral-
lel discussion may be possible for∆Mpoleσ,pi (T ) =Mpoleσ (T )−
Mpolepi (T ) and∆Mpolea0,pi(T ) =M
pole
a0 (T )−Mpolepi (T ) if the T
dependence is experimentally measured.
For the 2+1 flavor system composed of light u- and d-quark
with the same mass ml and s-quark with the mass ms, the
renormalized chiral condensate
∆l,s(T ) =
σl(T )− mlmsσs(T )
σl(0)− mlmsσs(0)
(1)
is commonly used as an order parameter (indicator) of the
chiral-symmetry restoration [4–6], where σl(T ) (σs(T )) is
2the chiral condensate for light quarks (s-quark). The chiral-
symmetry restoration is found to be crossover [7] and the
pseudocritical temperature T χc is determined to be T χc =
154 ± 9 MeV [5, 6]. T dependence of ∆l,s(T ) is also ob-
tainable with LQCD, but not directly measurable with experi-
ments.
Physical quantities, ∆l,s(T ) and M scrξ (T ), are thus obtain-
able with LQCD simulations but not with experiments. On
the contrary,Mpoleξ (T ) is experimentally measurable but hard
to get with LQCD simulations. If we can predict Mpoleξ (T )
theoretically from LQCD data on ∆l,s(T ) and M scrξ (T ), this
makes it possible to compare the Mpoleξ (T ) predicted from
LQCD data with the corresponding experimental data directly.
If experimental data are not available forMpoleξ (T ) of interest,
such a prediction may be helpful in experimental analyses.
As a complementary approach to LQCD simulations, one
can consider effective models such as the Nambu–Jona-
Lasinio (NJL) model and the the Polyakov-loop extended
Nambu–Jona-Lasinio (PNJL) model [8–24]. As already men-
tioned above, Mpoleξ (T ) are not easy to calculate with LQCD
simulations. In addition, if one is interested in physical quan-
tities at finite quark chemical potential µ, LQCD simulations
face the well-known sign problem, so that LQCD results are
concentrated on the µ/T <∼ 1 region. For this reason, the
phase diagram beyond the region has been discussed and pre-
dicted with effective models. In particular, the PNJL model
has been applied for many phenomena, since it can treat both
chiral and deconfinement transitions. Recently, a Polyakov-
loop (Φ) dependent four-quark vertex was introduced to con-
trol the correlation between the two transitions [25, 26].
The PNJL model with the entanglement (Φ-dependent) four-
quark interaction is called the entanglement-PNJL (EPNJL)
model [25, 26]. The EPNJL model is quite successful in re-
producing LQCD data in the imaginary µ region [27, 28] and
the real isospin chemical potential region [29] where LQCD
is free from the sign problem.
T dependence of Mpoleξ (T ) for low-lying meson was stud-
ied extensively with NJL-type effective models [8, 12, 19,
23, 24, 30]. In spite of the success of NJL-type models in
reproducing meson pole masses at T = 0, it was difficult
to calculate M scrξ (T ) with NJL-type models. However, this
problem was solved very lately by formulating the meson
correlation function carefully in momentum space [31]; see
Sec. II C for the detail. For the 2+1 flavor system, NJL-
type effective models usually consist of the scalar-type four-
quark interaction responsible for the chiral-symmetry restora-
tion and the Kobayashi-Maskawa-’t Hooft (KMT) determi-
nant (six-quark) interaction [32, 33] responsible for the ef-
fective U(1)A-symmetry restoration. In general, the coupling
strength GD of the KMT interaction is proportional to the T -
dependent instanton density dninst(T ) [34, 35]. For high T ,
the instanton density dninst(T ) is suppressed by the Debye-
type screening [34, 35]. This means that GD depends on T :
GD = GD(T ). Very lately, T dependence of GD(T ) was de-
termined from LQCD data on ∆M scra0,pi(T ) with the EPNJL
model [36]. The GD(T ) thus determined predicts that there
is a tricritical point of chiral phase transition in the southwest
direction of the physical point on ml–ms plane. The success
of the EPNJL model in reproducing LQCD data is originated
in the fact that the coupling strength GS of the scalar-type
four-quark interaction depends on T through Φ. The EPNJL
model is thus essentially equal to the PNJL model with a T -
dependent coupling strength GS = GS(T ), as far as the case
of µ = 0 is concerned.
In this paper, we propose a practical effective model
by introducing T -dependent coupling strengths, GS(T ) and
GD(T ), to the 2+1 flavor PNJL model. T dependence of
GS(T ) is determined from LQCD data on T χc [5, 6] and
∆l,s(T ) [4], while T dependence of GD(T ) is from LQCD
data on ∆M scra0,pi(T ) [3] in T > 1.1T χc = 170 MeV where
only the U(1)A-symmetry breaking survives [36, 37]. In T >
1.04T χc = 160MeV, this model reproduces LQCD data [3] on
M scrξ (T ) for both pseudoscalar mesons pi,K, ηs¯s and scalar
mesons a0, κ, σs¯s. In T < 1.04T χc = 160 MeV, the agree-
ment between model results and LQCD data is good for pseu-
doscalar pi,K mesons and pretty good for scalar a0, κ, σs¯s
mesons. For ηs¯s meson, the model result overestimates LQCD
data by about 10% ∼ 30% in T < 1.04T χc = 160 MeV, but
the deviation becomes small rapidly as T increases from 160
MeV. The deviation may be related to the fact that the discon-
nected diagrams are neglected in LQCD calculations. This
point is discussed.
Using this practical effective model, we predict meson pole
masses Mpoleξ (T ) for pseudoscalar mesons pi,K, η, η′ and
scalar mesons a0, κ, σ, f0. For η′ meson, the prediction is
compared with the experimental value [1] at finite T mea-
sured in heavy-ion collisions. We show that the relation
M scrξ (T )−Mpoleξ (T ) ≈M scrξ′ (T )−Mpoleξ′ (T ) is pretty good
when ξ and ξ′ are scalar mesons, and point out that the relation
M scrξ (T )/M
scr
ξ′ (T ) ≈ Mpoleξ (T )/Mpoleξ′ (T ) is well satisfied
within 20% error when ξ and ξ′ are pseudoscalar mesons and
also when ξ and ξ′ are scalar mesons. These relations may
be useful to estimate Mpoleξ for lighter ξ-meson from M
pole
ξ′
and M scrξ′ for heavier ξ′-meson that may be obtainable with
state-of-art LQCD simulations.
In Sec. II, we explain the present model and show the meth-
ods of evaluating Mpoleξ (T ) and M scrξ (T ). Numerical results
are shown in Sec. III. Section IV is devoted to a summary.
II. FORMALISM
A. Model setting
We consider the 2+1 flavor PNJL model [9–24] and intro-
duce T -dependent coupling strengths,GS(T ) andGD(T ), for
four- and six-quark interactions. The Lagrangian density is
L =ψ¯(iγνDν − mˆ0)ψ +GS(T )
8∑
a=0
[(ψ¯λaψ)
2 + (ψ¯iγ5λaψ)
2]
−GD(T )
[
det
f,f ′
ψ¯f (1 + γ5)ψf ′ + det
f,f ′
ψ¯f (1− γ5)ψf ′
]
− U(Φ[A], Φ¯[A], T ), (2)
3where the gauge field Aν in Dν = ∂ν + iAν is assumed to
be Aν = gδν0 (A0)ata/2 = −igδν0 (A4)ata/2 for the gauge
coupling g. The λa (ta) are the Gell-Mann matrices in flavor
(color) space, λ0 =
√
2/3 IF for the unit matrix IF in flavor
space, and detf,f ′ stands for the determinant in flavor space.
In the 2+1 flavor system, the quark fields ψ = (ψu, ψd, ψs)T
have current quark masses mˆ0 = diag(mu,md,ms) satisfy-
ing ms > ml ≡ mu = md.
In the original version of the PNJL model, the coupling
strength GD of KMT six-quark interaction is constant, but it
has been shown very recently in Ref. [36] that T dependence
is necessary for GD to explain LQCD data on T dependence
of ∆M scra0,pi, i.e., the U(1)A-symmetry restoration. The T -
dependent strength GD(T ) thus determined is
GD(T ) =
{
GD(0) (T < T1)
GD(0)e
−(T−T1)
2/b21 (T ≥ T1) . (3)
T dependence of Eq. (3) is consistent with that of the instan-
ton density dninst(T ) [34, 35] for high T .
It is very likely that T dependence is necessary also for the
coupling strength GS of four-quark interaction. We then in-
troduce a T -dependent coupling strength GS(T ) of the same
function form as GD(T ):
GS(T ) =
{
GS(0) (T < T2)
GS(0)e
−(T−T2)
2/b22 (T ≥ T2) . (4)
It is possible to determine the parameter set (T1, b1) from
LQCD data on ∆M scra0,pi(T ) and the set (T2, b2) from LQCD
data on ∆l,s(T ). The results of this parameter fitting will be
shown in Sec. III A. The resultant values are tabulated in Ta-
ble I. In our previous work [36], we used the EPNJL model
with a T -dependent KMT interaction of form (3). The values
of T1 and b1 are close to the present ones shown in Table I.
TABLE I: Model parameters in coupling strengths GS(T ) and
GD(T ).
T1 [MeV] b1 [MeV] T2 [MeV] b2 [MeV]
121 43.5 131 83.3
In the PNJL model, only the time component A4 of gauge
field Aµ is treated as a homogeneous and static background
field. In the Polyakov gauge, the Polyakov loop Φ and its
Hermitian conjugate Φ¯ are obtained by
Φ =
1
3
trc(L), Φ¯ =
1
3
trc(L
∗) (5)
with the Polyakov-loop operator
L = exp[iA4/T ] = exp[i × diag(A114 , A224 , A334 )/T ] (6)
for real variablesAjj4 satisfying A114 +A224 +A334 = 0, where
the symbol trc denotes the trace in color space. For the case
of µ = 0 where Φ = Φ¯, one can set A334 = 0 and determine
the others as A224 = −A114 = cos−1[(3Φ− 1)/2].
We take the logarithm-type Polyakov-loop potential of
Ref. [18] as U that is determined from T dependence of
LQCD data in the pure gauge limit. When the potential is
applied to QCD with dynamical quarks, the parameter T0 in-
cluded in U is used as an adjustable parameter. In the present
case, we take T0 = 180 MeV so that the PNJL model can
reproduce 2+1 flavor LQCD data on T dependence of pion
screening mass at T >∼ T χc = 154± 9 MeV, where the value
of T χc is determined with LQCD simulations [5, 6].
Making the mean field approximation (MFA) to Eq. (2),
one can obtain the linearized Lagrangian density
LMFA = ψ¯S−1ψ − UM − U(Φ[A], Φ¯[A], T ), (7)
where the quark propagator
S = (iγν∂
ν − γ0A0 − Mˆ)−1 (8)
depends on the chiral condensates σf = 〈ψ¯fψf 〉 (f = u, d, s)
through the effective-mass matrix Mˆ = diag(Mu,Md,Ms)
with
Mu = mu − 4GS(T )σu + 2GD(T )σdσs,
Md = md − 4GS(T )σd + 2GD(T )σsσu,
Ms = ms − 4GS(T )σs + 2GD(T )σuσd.
The mesonic potential UM is defined by
UM = 2GS(T )(σ
2
u + σ
2
d + σ
2
s)− 4GD(T )σuσdσs.
Making the path integral over quark fields in the mean-field
action, one can get the thermodynamic potential (per unit vol-
ume)
Ω = UM + U − 2
∑
f=u,d,s
∫
d3p
(2pi)3
[
3Ep,f
+
1
β
ln [1 + 3(Φ+ Φ¯e−βEp,f)e−βEp,f + e−3βEp,f ]
+
1
β
ln [1 + 3(Φ¯+ Φe−βEp,f )e−βEp,f + e−3βEp,f ]
]
(9)
with Ep,f =
√
p2 +M2f and β = 1/T . The mean-field
variables (X = σl, σs, Φ, Φ¯) are determined by the stationary
conditions
∂Ω
∂X
= 0, (10)
where isospin symmetry is assumed for the light-quark sector,
i.e., σl ≡ σu = σd and Ml =Mu =Md.
On the right-hand side of Eq. (9), the first term (vacuum
term) diverges. The three-dimensional (3d) momentum-cutoff
regularization is often used to avoid the divergence. How-
ever, the regularization breaks Lorentz invariance and thereby
induces an unphysical oscillation in the spatial correlation
function ζξξ(0,x) [38]. In addition, the fundamental rela-
tion Mpoleξ (0) = M scrξ (0) is not satisfied as a consequence
of the Lorentz-symmetry breaking. We then use the Pauli-
Villars (PV) regularization [38, 39]. This PV regularization
4TABLE II: Model parameters determined from physical quantities at
vacuum. Set (A) is the realistic parameter set that is determined from
experimental or empirical values at vacuum. In set (B), ml and ms
are slightly changed from set (A) so as to become consistent with
the lattice setting (ml/ms = 1/10 and Mpolepi (0) = 176 MeV) of
LQCD simulations of Ref. [3, 4].
ml [MeV] ms [MeV] GS(0)Λ2 GD(0)Λ5 Λ [MeV]
set (A) : 8 191 2.72 40.4 660
set (B) : 13 130 2.72 40.4 660
has a parameter Λ with mass dimension; see Sec. II C for
further explanation.
Eventually, the present model has five parameters
(ml,ms, GS(0), GD(0), Λ) in addition to T0, (T1, b1) and
(T2, b2). The five parameters can be determined from exper-
imental or empirical values at vacuum. The determination of
the five parameters should be made before the determination
of T0, (T1, b1) and (T2, b2). We first assume ml = 8 MeV
and then determine the values of (ms, GS(0), GD(0), Λ) so
as to reproduce experimental data, fpi = 92.4 MeV, Mpolepi =
138 MeV, MpoleK = 495 MeV and M
pole
η′ = 958 MeV, where
fpi is the pion decay constant. The resulting parameter values
are shown as set (A) in Table II. When we compare model re-
sults with LQCD data, we refit the values of ml and ms so as
to become consistent with the lattice setting. This parameter
set is refered to as set (B) in this paper; see Sec. II D for the
detail.
Table III shows physical quantities at vacuum calculated
with the parameter set (A) of Table II and the corresponding
experimental or empirical values. Numbers with asterisk are
inputs of the present parameter fitting. The parameter set (A)
reproduces available experimental data reasonably well. In
addition, the results of set (A) are close to those of the param-
eter set in Ref. [8] for meson pole masses for η, a0, κ, σ, f0,
the mixing angle θη between η0 and η8 states, the mixing an-
gle θσ between σ0 and σ8 states, the effective s-quark mass
Ms, and the kaon decay constant fK .
B. Meson pole masses
We consider pseudoscalar mesons (ξ = pi,K, η, η′) and
scalar ones (ξ = a0, κ, σ, f0), and recapitulate the formalism
of Refs. [8]. The current operator for ξ meson is expressed by
Jξ(x) = ψ¯(x)Γξψ(x)− 〈ψ¯(x)Γξψ(x)〉 (11)
with Γξ = IC ⊗ ΓD ⊗ ΓF, where IC is the unit matrix in
color space. The matrix ΓD in Dirac space is ΓD = ID for the
scalar channel and ΓD = iγ5 for the pseudoscalar channel,
where ID is the unit matrix in Dirac space. The matrix ΓF in
TABLE III: Physical quantities at vacuum calculated with the pa-
rameter set (A) of Table II and the corresponding experimental or
empirical values. Numbers with asterisk are inputs of the present pa-
rameter fitting. Experimental data are taken from Refs. [40, 41]. The
effective light-quark mass Ml ≈ 336 MeV is estimated from experi-
mental data on baryon magnetic moments [41]. Since we impose the
isospin symmetry, we estimate experimental values of averaged pion
and kaon masses as Mpi ≡ (Mexppi0 +M
exp
pi+
+Mexp
pi−
)/3 = (134.97+
2×139.57)/3 = 138.0 MeV and MK ≡ (MexpK0 +M
exp
K¯0
+Mexp
K+
+
Mexp
K−
)/4 = (2× 497.61 + 2 × 493.68)/4 = 495.6 MeV. Experi-
mental data on the decay constants fpi and fK are taken for charged
pion and kaon.
Mpi [MeV] MK [MeV] Mη′ [MeV] fpi [MeV] fK [MeV]
Cal. 138∗ 495∗ 958∗ 92.4∗ 96.2
Exp. 138.0 495.6 957.8 92.2 110.5
Mη [MeV] Ma0 [MeV] Mκ [MeV] Mσ [MeV] Mf0 [MeV]
Cal. 487 813 1016 674 1185
Exp. 547.8 980±20 800 400∼550 980±20
θη θσ Ml [MeV] Ms [MeV]
Cal. −7.40◦ 17.6◦ 336 544
Exp. −11.4◦ – 336 –
flavor space is
ΓF =


λ3 for pi, a0
(λ4 ± iλ5)/
√
2 for K, κ
λs for ηs¯s, σs¯s
λns for ηl¯l, σl¯l
, (12)
where λns = diag(1, 1, 0) and λs = diag(0, 0,
√
2).
Mesons η and η′ (σ and f0) are described as mixed states
of ηs¯s and ηl¯l (σs¯s and σl¯l) states: Namely,(
η′
η
)
= O(θlsη )
(
ηs¯s
ηl¯l
)
,
(
f0
σ
)
= O(θlsσ )
(
σs¯s
σl¯l
)
(13)
with the orthogonal matrix O(θ)
O(θ) =
(
cos θ sin θ
− sin θ cos θ
)
, (14)
where the mixing angle θlsη (θlsσ ) represents the ηs¯s-ηl¯l (σs¯s-
σl¯l) mixture and is obtained by diagonalizing coupled me-
son propagators for ηl¯l and ηs¯s (σl¯l and σs¯s) states [8]. The
Fourier transform χξξ′(q2) of mesonic correlation function
ζξξ′(x) ≡ 〈0|T
(
Jξ(x)J
†
ξ′ (0)
)
|0〉 in Minkowski space x =
(t,x) is described by
χξξ′(q
2) = χξξ′(q
2
0 , q˜
2) = i
∫
d4xeiq·xζξξ′ (x) (15)
5with (external) momentum q = (q0,q), where q˜ = ±|q| and
T stands for the time-ordered product. Using the random-
phase (ring) approximation, one can obtain the Schwinger-
Dyson equation
χξξ′ = Πξξ′ + 2
∑
ξ′′ξ′′′
Πξξ′′Gξ′′ξ′′′χξ′′′ξ′ (16)
for χξξ′ , where Gξξ′ is an effective four-quark interaction
working between mesons ξ and ξ′. The one-loop polarization
functionΠξξ′ is defined by
Πξξ′(q
2) ≡ (−i)
∫
d4p
(2pi)4
Tr (ΓξiS(p
′ + q)Γξ′ iS(p
′)) (17)
with internal momentum p = (p0,p), where p′ = (p0 +
iA4,p) and the trace Tr is taken in flavor, Dirac and color
spaces. The quark propagatorS(p) is diagonal in flavor space:
S(p) = diag(Su, Sd, Ss). The polarization functionΠξξ′(q2)
can be classified with quark and anti-quark flavors f and f ′ as
Πff
′
S = (−2i)
∫
d4p
(2pi)4
trc,d (iSf (p
′ + q)iSf ′(p
′))
= 4i[If1 + I
f ′
2 −
{
q2 − (Mf +Mf ′)2
}
Iff
′
3 ](18)
for the scalar mesons and
Πff
′
P = (−2i)
∫
d4p
(2pi)4
trc,d ((iγ5)iSf (p
′ + q)(iγ5)iSf ′(p
′))
= 4i[If1 + I
f ′
2 −
{
q2 − (Mf −Mf ′)2
}
Iff
′
3 (19)
for pseudoscalar mesons, where the trace trc,d is taken in
color and Dirac spaces and
If1 =
∫
d4p
(2pi)4
trc
[ 1
p′2 −M2f
]
, (20)
If2 =
∫
d4p
(2pi)4
trc
[ 1
(p′ + q)2 −M2f
]
, (21)
Iff
′
3 =
∫
d4p
(2pi)4
trc
[ 1
{p′2 −M2f }((p′ + q)2 −M2f ′)
]
.
(22)
For finite T , the corresponding equations are obtained by the
replacement
p0 → iωn = i(2n+ 1)piT,∫
d4p
(2pi)4
→ iT
∞∑
n=−∞
∫
d3p
(2pi)3
. (23)
Here we explain the PV regularization for the thermo-
dynamic potential Ω of Eq. (9) and the three integrals
If1 , I
f
2 , I
ff ′
3 . For convenience, we divide Ω into Ω = UM +
U +∑f=u,d,sΩF(Mf ), and represent If1 and If2 by I(Mf )
and Iff
′
3 by Iff ′(Mf ,Mf ′). In the PV scheme, the functions
ΩF(Mf ), I(Mf) and Iff ′(Mf ,Mf ′) are regularized as
ΩregF (Mf ) =
2∑
α=0
CαΩF(Mf ;α),
Ireg(Mf ) =
2∑
α=0
CαI(Mf ;α),
Iregff ′(Mf ,Mf ′) =
2∑
α=0
CαIff ′(Mf ;α,Mf ′;α), (24)
where Mf ;0 = Mf and the Mf ;α (α = 1, 2) mean masses
of auxiliary particles. The parameters Mf ;α and Cα should
satisfy the condition
∑2
α=0 Cα =
∑2
α=0 CαM
2
f ;α = 0 to
remove the quartic, the quadratic and the logarithmic di-
vergence in I1, I2, Iff
′
3 , and ΩF. Logarithmic divergence
partially remains in ΩregF (Mf ) even after the subtraction of
Eq. (24), but the term does not depend on the mean-field vari-
ables (σl, σs, Φ, Φ¯) and is irrelevant to the determination of
mean-field variables for any T . Therefore we can simply
drop the term. We assume (C0, C1, C2) = (1, 1,−2) and
(M2f ;1,M
2
f ;2) = (M
2
f +2Λ
2,M2f +Λ
2), following Ref. [42].
We keep the parameterΛ finite even after the subtraction (24),
since the present model is non-renormalizable.
1. pi, a0,K, κ mesons
For ξ = pi, a0,K and κ, the effective four-quark interac-
tions Gξξ′ and the polarization functions Πξξ′ are diagonal,
i.e., Gξξ′ = Gξδξξ′ , Πξξ′ = Πξδξξ′ , because of isospin sym-
metry in the light-quark sector and the random-phase approxi-
mation. One then can easily get the solution to the Schwinger-
Dyson equation (16) as
χξξ =
Πξ
1− 2GξΠξ (25)
for ξ = pi, a0,K and κ, where the effective couplings Gξ are
defined by
Ga0 = GS(T ) +
1
2
GD(T )σs, (26)
Gpi = GS(T )− 1
2
GD(T )σs, (27)
Gκ = GS(T ) +
1
2
GD(T )σl, (28)
GK = GS(T )− 1
2
GD(T )σl (29)
and the one-loop polarization functions Πξ are written by
Πa0 = Π
ll
S , Πpi = Π
ll
P , Πκ = Π
sl
S , ΠK = Π
sl
P .
(30)
The meson pole mass Mpoleξ is a pole of χξξ(q20 , q˜2) in the
complex q0 plane. Taking the rest frame q = (q0,0) for con-
venience, one can get the equation[
1− 2GξΠξ(q20 , 0)
]∣∣
q0=M
pole
ξ
−iΓξ/2
= 0 (31)
6for Mpoleξ , where Γξ is the decay width to qq¯ continuum.
The Mpoleξ and Γξ are obtained numerically by searching for
the q0 satisfying Eq. (31). Here we take the approximation
Γξ/M
pole
ξ ≪ 1, following Ref. [12].
2. η, η′, σ, f0 mesons
The pole masses of η and η′ (σ and f0) mesons are obtained
by solving the coupled-channel equations (16) for ηl¯l and ηs¯s
(σl¯l and σs¯s). It is convenient to express the correlation func-
tions χξξ′ with the matrix
χξ =
(
χξs¯sξs¯s χξs¯sξl¯l
χξl¯lξs¯s χξl¯lξl¯l
)
(ξ = η, σ). (32)
The Schwinger-Dyson equation for χξ is obtained from Eq.
(16) as
χξ =Πξ + 2ΠξGξχξ (33)
with
Gξ =
(
Gξs¯sξs¯s Gξs¯sξl¯l
Gξl¯lξs¯s Gξl¯lξl¯l
)
, Πξ =
(
Πξs¯s 0
0 Πξl¯l
)
.
(34)
The solution to Eq. (33) is
χξs¯sξs¯s =
(1 − 2Gξl¯lξl¯lΠξl¯l)Πξs¯s
det [I − 2ΠξGξ] , (35)
χξl¯lξl¯l =
(1 − 2Gξs¯sξs¯sΠξs¯s)Πξl¯l
det [I − 2ΠξGξ] , (36)
χξs¯sξl¯l = χξl¯lξs¯s =
2Gξl¯lξs¯sΠξs¯sΠξl¯l
det [I − 2ΠξGξ] , (37)
where I is the unit matrix and the determinant det is taken in
the ξl¯l and ξs¯s channels. The matrix elements of Gη and Gσ
are explicitly obtained by
Gηs¯sηs¯s = GS(T ), Gηl¯lηl¯l = GS(T ) +
1
2
GD(T )σs,
Gηs¯sηl¯l = Gηl¯lηs¯s =
√
2
2
GD(T )σl, (38)
Gσs¯sσs¯s = GS(T ), Gσl¯lσl¯l = GS(T )−
1
2
GD(T )σs,
Gσs¯sσl¯l = Gσl¯lσs¯s = −
√
2
2
GD(T )σl, (39)
and those ofΠη,Πσ are by
Πσl¯l = Π
ll
S , Πσs¯s = Π
ss
S , (40)
Πηl¯l = Π
ll
P , Πηs¯s = Π
ss
P . (41)
The masses of η and η′ (σ and f0) are determined as poles
of χη (χσ), that is, as zero points of the determinant in Eqs.
(35)-(37):
det
[
I − 2Πξ(q20 , 0)Gξ
]∣∣
q0=M
pole
ξ
−iΓξ/2
= 0. (42)
Two poles are found in the complex q0 plane. The lighter and
heavier pole masses correspond to η and η′ (σ and f0) meson
masses, respectively.
C. Meson screening masses
We first show the reason why the derivation of M scrξ (T )
was difficult in NJL-type effective models before the work of
Ref. [31], and next recapitulate the method of Ref. [31] and
extend it from single-channel systems to multi-channel sys-
tems. TheM scrξ is defined with the spatial correlator ζξξ(0,x)
in the long-distance limit (r = |x| → ∞):
M scrξ = − limr→∞
d ln ζξξ(0,x)
dr
, (43)
where
ζξξ(0,x) =
1
4pi2ir
∫ ∞
−∞
dq˜ q˜χξξ(0, q˜
2)eiq˜r. (44)
Equation (44) has two problems, when the q˜ integration is per-
formed. The first problem stems from the regularization taken.
As already mentioned in Sec. II A, the 3d momentum cutoff
is commonly used, but it breaks Lorentz invariance even in
T = 0. This induces an unphysical oscillation in ζξξ(0,x) at
large r [38]. We can easily solve this problem by using the
PV regularization. This is the reason why we take the PV reg-
ularization in this paper. As easily found from Eq. (44), direct
numerical calculations of the q˜ integration are quite difficult
at large r because of highly oscillation of the integrand. This
is the second problem. In order to solve this problem, one can
consider analytic continuation of χξξ(0, q˜2) to the complex
q˜ plane. In general, the integration can be made easily with
the Cauchy’s integral theorem. However, the complex func-
tion χξξ(0, q˜2) has logarithmic cuts in the vicinity of the real
q˜ axis [38]. This demands quite time-consuming numerical
calculations to evaluate the contribution of logarithmic cuts
[38]. In our previous works [31, 36], we showed that these
logarithmic cuts are not physical and avoidable by taking the
Matsubara summation over n after the p integration in Eq.
(23). Consequently, we obtain the regularized function Iff ′3,reg
as an infinite series of analytic functions:
Iff
′
3,reg(0, q˜
2) = iT
Nc∑
j=1
∞∑
n=−∞
2∑
α=0
Cα
×
∫
d3p
(2pi)3
[ 1
p2 +M2f
1
(p+ q)2 +M2f ′
]
=
iT
2pi2
∑
j,n,α
Cα
∫ 1
0
dx
∫ ∞
0
dk
× k
2
[k2 + (x− x2)q˜2 + (1− x)M2f + xM2f ′ ]2
=
T
8piq˜
∑
j,n,α
CαLog
(Mf +Mf ′ + iq˜
Mf +Mf ′ − iq˜
)
(45)
7with
Mf (T ) =
√
M2f,α + {(2n+ 1)piT +Ajj4 }2, (46)
where “Log” denotes the principle value of the logarithm. The
function iIff
′
3,reg is real for real q˜, when q0 = 0. This means
that mesons do not decay into a quark and an antiquark. The
function Iff
′
3,reg is obtained as an infinite series, but we numeri-
cally confirmed that the sequence of partial sums converges
rapidly. In the last form of Eq. (45), each term has two
physical cuts on the imaginary axis; one is an upward verti-
cal line starting from the branch point q˜ = i (Mf +Mf ′)
and the other is a downward vertical line from the branch
point q˜ = −i (Mf +Mf ′). In the upper half-plane where
the contour integration is taken, the lowest branch point is
q˜ = i (Mf +Mf ′)j=1,n=0,α=0.
The screening mass M scrξ is determined as a pole of
χξξ(0, q˜
2) on the imaginary q˜ axis. The pole should be lo-
cated below the lowest branch point:
M scrξ < Mth ≡ (Mf +Mf ′)j=1,n=0,α=0 , (47)
where Mth can be regarded as “threshold mass” in the sense
that meson is in qq¯ continuum states when M scrξ > Mth. For
ξ = pi, a0,K, κ channels, we can obtain the M scrξ by solving
the equation [
1− 2GξΠξ(0, q˜2)
]∣∣
q˜=iMscr
ξ
= 0, (48)
when M scrξ < Mth. As T increases, M scrξ (pole) approaches
Mth (the lowest branch point) from below [31, 36]. Mean-
while, Mth itself tends to 2piT in the high-T limit, since Ajj4
does to 0 in Eq. (46). Therefore, M scrξ approaches 2piT with
respect increasing T .
Now we consider the channel mixing. The formalism on
meson screening masses is the same as that on meson pole
masses. Only the difference is that the external momentum is
set to q = (0,q). The coupled equations for the M scrξ are
det
[
I − 2Πξ(0, q˜2)Gξ
]∣∣
q˜=iMscr
ξ
= 0, (49)
where q˜ = ±|q|. Here note that Mth = 2(Ml)j=1,n=0,α=0
for η, σ mesons. For η′, f0 mesons, we consider Mth =
2(Ms)j=1,n=0,α=0 as the threshold mass. Strictly speaking,
η′ (f0) can decay into a light-quark pair by the channel mix-
ing. However, such a contribution is unphysical for low tem-
perature because of the color confinement and small for high
temperature because of small channel mixing.
D. Model tuning for LQCD-data analyses
We use LQCD data of Ref. [3] for the M scrξ (T ) and of
Ref. [4] for ∆l,s(T ), since the same lattice setting is taken
in the two simulations. In Refs. [3, 4], the quark-mass ra-
tio is ml/ms = 1/10, and the pi-meson mass at T = 0 is
Mpolepi (0) = 176 MeV that is slightly heavier than the ex-
perimental value 138 MeV. In model calculations, we then
change quark masses from (ml,ms) = (8MeV, 191MeV) to
(ml,ms) = (13 MeV, 130 MeV) to become consistent with
the lattice setting. This parameter set is tabulated as set (B) in
Table II.
In LQCD simulations of Refs. [3, 4], T χc is measured to be
196 MeV, but the value established in state-of-art LQCD sim-
ulations of Refs. [5, 6] is T χc = 154± 9 MeV. Therefore, we
rescale the values of T and M scrξ in Refs. [3, 4] to reproduce
T χc = 154± 9 MeV.
In LQCD simulations of Ref. [3] for pseudoscalar mesons
(η, η′) and scalar ones (σ, f0), the quark-line disconnected di-
agrams are neglected and thereby the ηs¯s (σs¯s) channel is de-
coupled with the ηl¯l (σl¯l) channel. Eventually, LQCD data are
available only for ηs¯s- and σs¯s-meson screening masses. We
then switch off the channel mixing in model calculations by
setting Gξs¯sξl¯l = Gξl¯lξs¯s = 0 for ξ = η, σ, when we analyze
the LQCD data on ηs¯s and σs¯s mesons.
Particularly for η- and η′-meson masses at T = 0, it is
shown in Ref. [43] that the disconnected diagrams are nec-
essary to reproduce the experimental values, although they
are neglected in finite-T LQCD simulations of Ref. [3] for
M scrξ (T ). The disconnected diagrams contribute to both di-
agonal and off-diagonal elements of the correlation-function
matrix χξ in Eq. (32), whereas the connected diagrams do to
only the diagonal elements. The channel mixing induced by
the off-diagram elements is thus one of effects induced by the
disconnected diagrams. We can then divide the disconnected-
diagrams effects into the channel-mixing effect and the re-
maining disconnected-diagram effects acting on the diagonal
elements ofχξ . Model calculations with the parameter set (A)
include the channel-mixing effect explicitly and the remain-
ing disconnected-diagram effects implicitly, since the set (A)
is so determined as to reproduce experimental data on meson
pole masses at T = 0, particularly on Mpoleη′ (0). Hence, we
can consider that model calculations with the parameter set
(B) also include the channel-mixing effect explicitly and the
remaining disconnected-diagram effects implicitly, whereas
LQCD calculations do not have any disconnected-diagram ef-
fects. We switch off the channel mixing in model calcula-
tions to evaluate ηs¯s- and σs¯s-meson screening masses, but
we should note that the remaining disconnected-diagram ef-
fects are included in model calculations implicitly.
III. NUMERICAL RESULTS
A. Parameter fitting
As shown in Eqs. (3) and (4), the present model has ad-
justable parameters (T1, b1) in the KMT coupling strength
GD(T ) and (T2, b2) in the four-quark coupling strength
GS(T ). The parameters (T1, b1) are determined from LQCD
data associated with the U(1)A-symmetry restoration, i.e.,
∆M scra0,pi = M
scr
a0 −M scrpi in T > 1.1T χc = 170 MeV where
only the U(1)A-symmetry breaking survives [36, 37]. Simi-
larly, the parameters (T2, b2) are determined from LQCD data
associated with the chiral-symmetry restoration, i.e., the pseu-
docritical temperatureT χc = 154±9MeV [5, 6] and the renor-
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Fig. 1: T dependence of (a) ∆l,s and (b) ∆M scra0,pi . Model results
are shown by solid lines, while LQCD data are denoted by closed
circles. The parameter set (B) is taken in model calculations. LQCD
data are taken from Refs. [3, 4].
malized chiral condensate ∆l,s(T ) of Eq. (1).
Figure 1 shows the results of the present parameter fitting
for (a) ∆l,s(T ) and (b) ∆M scra0,pi(T ). Note that the parame-
ter set (B) is taken in model calculations. Good agreement
is seen between model results (solid lines) and LQCD data
(closed circles), when (T1, b1) = (121, 43.5) and (T2, b2) =
(131, 83.3) in units of MeV. These values are tabulated in Ta-
ble I.
B. Meson screening masses
We consider meson screening masses for pseudoscalar and
scalar mesons and analyze LQCD data of Ref. [3], using the
present model with the parameter set (B). In the model calcu-
lations the channel mixing is switched off, since the discon-
nected diagrams are neglected in LQCD data of Ref. [3].
Figure 2 shows T dependence of the M scrξ (T ) for (a) pseu-
doscalar mesons ξ = pi,K, ηs¯s and (b) scalar mesons ξ =
a0, κ, σs¯s. The lines stand for model results, and the symbols
correspond to LQCD data of Ref. [3]. As mentioned in Sec.
II C, in model calculations the M scrξ (T ) are derivable when
M scrξ (T ) < Mth. For the a0-meson case, for example, the
condition is satisfied for T > 139 MeV. The solid line repre-
senting M scra0 (T ) is then drawn in T > 139 MeV. The same
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Fig. 2: T dependence of meson screening masses for (a) pseu-
doscalar mesons pi,K, ηs¯s and (b) scalar mesons a0, κ, σs¯s. Model
results are denoted by lines and LQCD data are by symbols. The pa-
rameter set (B) is taken in model calculations. LQCD data are taken
from from Ref. [3].
procedure is taken for the other lines. In both LQCD data
and model results, all the meson masses tend to 2piT with
respect to increasing T ; see Sec. II C for the proof. Ow-
ing to this property, in T > 1.04T χc = 160 MeV, model
results well reproduce LQCD data for all the mesons. In
T < 1.04T χc = 160 MeV, the agreement between model re-
sults and LQCD data is good for pseudoscalar pi,K mesons
and pretty good for scalar a0, κ, σs¯s mesons. For pseudoscalar
ηs¯s meson, the model result overestimates LQCD data by
about 10% ∼ 30% in T < 1.04T χc = 160 MeV, but the de-
viation becomes small rapidly as T increases from 160 MeV.
The deviation in T < 1.04T χc = 160 MeV may come from
the remaining disconnected-diagram effects acting on the di-
agonal elements of χξ . This implies that the channel-mixing
effect is also important for ηs¯s meson in T < 1.04T χc = 160
MeV. This statement is confirmed with model calculations in
Sec. III E. In addition, this statement is consistent with the
statement of Ref. [44] that the disconnected diagrams may be
suppressed at least for T ≫ T χc by the Debye screening and
the weakly interacting nature of the deconfined phase.
For later discussion, we evaluate theM scrξ (T ) also in the re-
alistic case, taking the parameter set (A) and taking account of
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Fig. 3: T dependence of meson screening masses for (a) pseu-
doscalar mesons pi,K, η, η′ and (b) scalar mesons a0, κ, σ, f0 calcu-
lated with the realistic parameter set (A). Model results are denoted
by lines. In model calculations, the channel mixing is taken into ac-
count.
the channel mixing in model calculations. Figure 3 shows the
results for (a) pseudoscalar mesons pi,K, η, η′ and (b) scalar
mesons a0, κ, σ, f0. As mentioned in Fig. 2, all the meson
screening masses tend to 2piT . This property is independent
of quark masses. At high T , the M scrξ (T ) calculated with the
realistic parameter set (A) are close to those with the set (B).
The difference between the former and the latter appear only
in T < T χc = 154± 9 MeV.
C. Meson pole masses
Now we predict meson pole masses in the realistic case,
taking the parameter set (A) and taking account of the chan-
nel mixing in model calculations. The results are shown for
pseudoscalar mesons pi,K, η, η′ in Fig. 4(a) and for scalar
mesons a0, κ, σ, f0 in Fig. 4(b). For η′ meson, the pole mass
in medium with finite T was deduced from heavy-ion collision
measurements as Mpoleη′ (T ) = 340
+375
−245 MeV [1]. In the anal-
yses, T = 177 MeV is taken as the default value and T is var-
ied systematically between 140 and 220 MeV. We then denote
the experimental data [1] by the rectangle (140 MeV ≤ T ≤
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Fig. 4: Model prediction on T dependence of meson pole masses
for (a) pseudoscalar mesons pi,K, η, η′ and (b) scalar mesons
a0, κ, σ, f0. In model calculations, the parameter set (A) is taken
and the channel mixing is taken into account. Model results are
denoted by lines. For η′ meson in panel (a), the experimental
data [1] is shown by the rectangle with the thin dotted vertical line
T = 177 MeV; see the text for the explanation.
220 MeV, 95 MeV ≤ Mpoleη′ ≤ 715 MeV) with the thin dot-
ted vertical line standing for the default value T = 177 MeV.
The model result is consistent with the experimental data. In
general, Mpoleξ is not smooth when the quark-pair production
threshold is opened. This threshold effect is seen at T = 190
MeV, e.g., for η′ meson.
As shown later in Sec. III E, the channel mixing is negligi-
ble for η′ meson in T > 160 MeV, indicating that η′ meson
is purely the s¯s state there. This result supports the ansatz in
experimental analyses that η′ meson behaves just like a free
particle in medium after it is produced.
D. Relation between pole and screening masses
Figure 5 shows T dependence of the differenceM scrξ (T )−
Mpoleξ (T ) for (a) pseudoscalar mesons pi,K, η, η′ and (b)
scalar mesons a0, κ, σ, f0, where the parameter set (A) is
taken and the channel mixing is taken into account in model
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Fig. 5: Difference between screening and pole masses for (a)
pseudoscalar mesons pi,K, η, η′ and (b) scalar mesons a0, κ, σ, f0.
Model results are denoted by lines. In model calculations, the param-
eter set (A) is taken and the channel mixing is taken into account.
calculations, whenever T dependence of the difference is not
smooth, it is due to the threshold effect. For pseudoscalar
mesons, the difference tends to become larger for heavier me-
son. For scalar mesons, meanwhile, the difference is universal
approximately:
M scrξ (T )−Mpoleξ (T ) ≈M scrξ′ (T )−Mpoleξ′ (T ) (50)
for ξ 6= ξ′. The deviation is about 35 MeV at T ≈ 200 MeV.
IfM scrξ (T ),M scrξ′ (T ) andM
pole
ξ′ (T ) are obtained with LQCD
simulations, one can estimate T dependence of Mpoleξ (T ) by
using Eq. (50).
Next, the relation between Mpoleξ (T ) and M scrξ (T ) is
considered through the ratios Mpoleξ (T )/M
pole
ξ′ (T ) and
M scrξ (T )/M
scr
ξ′ (T ), where ξ′ is assumed to be a scalar (pseu-
doscalar) meson when ξ is a scalar (pseudoscalar) meson. The
identity
Mpoleξ (T )
Mpoleξ′ (T )
=
M scrξ (T )
M scrξ′ (T )
(51)
is satisfied at both T = 0 and ∞. The identity at T = 0
comes from the fact that M scrξ (0) = M
pole
ξ (0) for any me-
son. The identity at T = ∞ can be proven as follows. As
mentioned in Sec. II C, in the large-T limit all the M scrξ (T )
tend to 2piT . Therefore, the ratio M scrξ /M scrξ′ becomes 1 in
the limit. Similarly, the ratio Mpoleξ /M
pole
ξ′ approaches 1
with respect to increasing T as a consequence of the effec-
tive SU(3)V-symmetry restoration. The symmetry is broken
by the fact ms 6= ml in vacuum, but it is restored effec-
tively at high T because the symmetry breaking is the order
of (ms − ml)/T there; precisely speaking, for the flavor-
singlet states, the symmetry is broken also by the quark-line
disconnected diagrams, but the diagrams are suppressed by
the Debye screening and the weakly interacting nature at high
T [44].
Figure 6 shows the ratios as a function of T for (a) pseu-
doscalar mesons (ξ = K, η, η′, ξ′ = pi) and (b) scalar mesons
(ξ = κ, σ, f0, ξ′ = a0). Qualitatively, the two ratios have sim-
ilar T dependence each other for both pseudoscalar and scalar
mesons: Namely,
Mpoleξ (T )
Mpoleξ′ (T )
≃ M
scr
ξ (T )
M scrξ′ (T )
. (52)
Quantitatively, the relation (52) is well satisfied within 20%
error for pseudoscalar and scalar mesons. The relation
is useful, because it allows us to estimate Mpoleξ (T ) for
lighter ξ-meson from Mpoleξ′ (T ) for heavier ξ′-meson and
M scrξ (T )/M
scr
ξ′ (T ) that may be obtainable with state-of-art
LQCD simulations.
E. Discussion
T dependence of the channel-mixing effect is investigated
within model calculations. The parameter set (B) is taken
in model calculations. In Fig. 7(a), the thin and thick solid
lines denote the results of model calculations with the channel
mixing for screening masses of η and η′ mesons, respectively.
Note that the lines are drawn when the condition M scrξ (T ) <
Mth is satisfied. When the channel mixing is switched off, the
thin and thick solid lines are changed into the thin and thick
dashed lines that stand for screening masses of ηl¯l and ηs¯s
channels, respectively. As expected in Sec. III B, the channel-
mixing effect is large for η- and η′-meson screening masses
in T < 1.04T χc = 160 MeV. This is a result of the fact that
the mass difference between the thin and thick dashed lines is
small there; for example, the difference is 113 MeV at T =
140 MeV. For T > 1.04T χc = 160 MeV, the channel-mixing
effect is negligible, since Gηs¯sηl¯l = Gηl¯lηs¯s = GD(T )σl/
√
2
is quite small in Eq. (34) because of σl ≈ 0. In Fig. 7(b), the
thin and thick solid lines stand for the results of model cal-
culations with the channel mixing for screening masses of σ
and f0 mesons, respectively, while the thin and thick dashed
lines correspond to the results of model calculations without
the channel mixing for screening masses of σl¯l and σs¯s chan-
nels, respectively. In the case of σ and f0 mesons, the channel-
mixing effect is negligible for any T . This is because the mass
difference between the thin and thick dashed lines is large in
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pole
ξ′
and M scrξ /M scrξ′ for (a)
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lines, and the ratios Mpoleξ /M
pole
ξ′
are by dotted, dashed and dot-
dashed lines. In model calculations, the parameter set (A) is taken
and the channel mixing is taken into account.
T < 1.04T χc = 160 MeV (e.g., the difference is 335 MeV at
T = 140 MeV) and Gσs¯sσl¯l = Gσl¯lσs¯s = −GD(T )σl/
√
2 ≈
0 because of σl ≈ 0 in T > 1.04T χc = 160 MeV. Conse-
quently, the channel mixing as the characteristics of the dis-
connected diagrams is important only for η- and η′-meson
screening masses in T < 1.04T χc = 160 MeV. Also for η-
and η′-meson pole masses, we can take the same conclusion.
IV. SUMMARY
We have proposed a practical effective model by introduc-
ing T -dependent coupling strengths, GS(T ) and GD(T ), to
four-quark and six-quark KMT interactions in the 2+1 flavor
PNJL model. T dependence of GD(T ) is determined from
LQCD data [3] on ∆M scra0,pi(T ) in T > 1.1T χc = 170 MeV
where only the U(1)A-symmetry breaking survives. Sim-
ilarly, T dependence of GS(T ) is determined from LQCD
data associated with the chiral-symmetry restoration, i.e., the
renormalized chiral condensate ∆l,s(T ) [4] and the pseud-
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Fig. 7: T dependence of channel-mixing effects on (a) η- and η′-
meson screening masses and (b) σ- and f0-meson screening masses.
In panel (a) (panel (b)), the thin and thick solid lines denote screening
masses of η and η′ (σ and f0) mesons, respectively, and the thin and
thick dashed lines correspond to screening masses of ηl¯l and ηs¯s (σl¯l
and σs¯s) channels, respectively. The parameter set (B) is taken in
model calculations.
ocritical temperature T χc = 154 ± 9 MeV [5, 6] of chiral
transition. In LQCD simulations of Ref. [3, 4], the lattice
setting is that ml/ms = 1/10 and Mpolepi (0) = 176 MeV.
In model calculations, ml and ms are slightly changed from
the realistic parameter set (A) of Mpolepi (0) = 138 MeV and
MpoleK (0) = 495 MeV so as to become consistent with the
lattice setting. This parameter set is referred to as set (B).
The present model with the parameter set (B) reproduces
LQCD data [3] on M scrξ (T ) for both pseudoscalar mesons
pi,K, ηs¯s and scalar mesons a0, κ, σs¯s in T > 1.04T χc = 160
MeV. Meanwhile, in T < 1.04T χc = 160 MeV, the agree-
ment between model results and LQCD data is good for pseu-
doscalar pi,K mesons and pretty good for scalar a0, κ, σs¯s
mesons. For ηs¯s meson, the model result overestimates LQCD
data by about 10% ∼ 30% in T < 1.04T χc = 160 MeV, but
the deviation decreases rapidly as T increases from 160 MeV.
In finite-T LQCD simulations of Ref. [3], the disconnected
diagrams are neglected when M scrηs¯s(T ) is calculated. As a
consequence of this approximation, the ηs¯s channel is decou-
pled with the ηl¯l channel. We then divide the disconnected-
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diagram effects into the channel-mixing effect and the remain-
ing disconnected-diagram effects acting on the diagonal ele-
ments of the correlation-function matrix χξ. The model cal-
culation includes the remaining disconnected-diagram effects
implicitly, even if the channel mixing is switched off. The
deviation between model calculations and LQCD data for ηs¯s
meson in T < 1.04T χc = 160 MeV may stem from the re-
maining disconnected-diagram effects implicitly included in
model calculations.
Using this practical effective model with the realistic
parameter set (A), we have predicted meson pole masses
Mpoleξ (T ) for pseudoscalar mesons pi,K, η, η′ and scalar
mesons a0, κ, σ, f0. This prediction makes it possible to com-
pare the Mpoleξ (T ) evaluated from LQCD data with the corre-
sponding experimental results directly. In fact, we have shown
that for η′ meson the model prediction is consistent with the
experimental value [1] at finite T measured in heavy-ion col-
lisions. If experimental data are not available for Mpoleξ (T )
of interest, such a prediction may be helpful in experimental
analyses.
We have shown that the relation M scrξ (T ) −Mpoleξ (T ) ≈
M scrξ′ (T ) − Mpoleξ′ (T ) is pretty good when ξ and ξ′ are
scalar mesons, and have pointed out that the relation
M scrξ (T )/M
scr
ξ′ (T ) ≈ Mpoleξ (T )/Mpoleξ′ (T ) is well satisfied
within 20% error when ξ and ξ′ are pseudoscalar mesons and
also when ξ and ξ′ are scalar mesons. These relations may
be useful to estimate Mpoleξ for lighter ξ-meson from M
pole
ξ′
and M scrξ′ for heavier ξ′-meson that may be obtainable with
state-of-art LQCD simulations.
We have also found that the channel mixing as the charac-
teristics of the disconnected diagrams is important only for η-
and η′-meson masses in T < 1.04T χc = 160 MeV. This indi-
cates that η′ meson is purely the s¯s state in T >∼ 1.04T χc =
160MeV. This result supports the ansatz in experimental anal-
yses that η′ meson behaves just like a free particle in medium
after it is produced.
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Appendix A: Difficulty of meson pole-mass calculations
in LQCD simulations at finite T
In general, the meson pole mass Mpoleξ and its decay width
Γξ are determined from energy (ω) dependence of the spectral
function ρξξ(ω,p, T ), where the spatial momentum p is set
to zero when we calculate the pole mass. In the Matsubara
formalism, ρξξ(ω,p, T ) is related to the mesonic correlation
function Gξξ(τ,p, T ) as
Gξξ(τ,p, T ) =
∫ ∞
0
dω ρξξ(ω,p, T )K(ω, τ, T ), (A1)
K(ω, τ, T ) =
cosh [ω(τ − 1/2T )]
sinh (ω/2T )
, (A2)
where τ represents imaginary time satisfying 0 ≤ τ ≤ 1/T . If
the Gξξ(τ,p, T ) is known, the spectral function ρξξ(ω,p, T )
can be obtained from the Gξξ by solving the integral equa-
tion (A1) for ρξξ. In LQCD simulations at finite T , the
Gξξ(τ,p, T ) is obtained only for a limited number of τ up
to 1/T . In general, the number is too small to construct ρξξ as
a continuous function of ω.
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